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iX�jk�l�mg5���@�.

1.1 nopqrstunovwxqyz

{|}~ (sin, cos, tan) ��������7�7��+, �
�����@����c��
��g5b�@�. �
�|
�+ 90◦�h���-�2@B���P5���.

��� (x2 + y2 = 1)����Bh,���B�����. �
����� θ�B�. |��IX����h�~P�.

cos θ : � A� x����
sin θ : � A� y����
tan θ : �� OA���

1

1

−1

−1 θ

A

cos θ

sin θ

O

y

x

� 7\{¡���¢�h sin2 x+ cos2 x = 1+£h¤25��.

✓ ✏
¥¦§¨ sin 240◦, cos 315◦�©ª�.

✒ ✑

����� 240◦ �«�¬­,G��� y�����®
¯B 30◦, 60◦, 90◦ ��|{|°�±�²�� −

√
3

2
. x

³�h´�����, y����µ¶+.-�B�C0.

sin 240◦ = −
√
3

2
· · · · · ··O¸

O

y

x
240◦

−
√
3

2

¹º�, ����� 315◦ �«�¬­, G��� x��
���®¯B 45◦, 45◦, 90◦ ��|{|°�±�²��
− 1√

2
. y³�h»�����, x���¼.

cos 315◦ =
1√
2

· · · · · ··O¸ O

y

x

1√
2

315◦

1



✓ ✏
¥¦§¨ tan 120◦�©ª�.

✒ ✑

¹$-,����� 120◦�«�¬­,G����®¯B
30◦, 60◦, 90◦ ��|{|°�±�²�� −

√
3 .  �­

� tan 90◦ B tan 270◦ �.�5���+�-�25g
i���,9P��.

tan 120◦ = −
√
3 · · · · · ··O¸

O

y

x

120◦

��� −
√
3

:���25�©ª�
��|�·¦!15◦, 22.5◦, · · ·¸�B��G|�8Q·>g-��<N
B|�EU��¸�2��¢����. 2��¢B�

sin(α± β) = sinα cosβ ± cosα sinβ, cos(α± β) = cosα cosβ ∓ sinα sinβ

·B��J¶¹=¸��B��h,@BP� sin 15◦��
�.

sin(45◦ − 30◦) = sin 45◦ cos 30◦ − cos 45◦ sin 30◦ =
1√
2
·
√
3

2
− 1√

2
· 1
2
=

√
3− 1

2
√
2

=

√
6−

√
2

4

Bg5©ª
���. ����� 15◦, 75◦, 105◦, 165◦���� 30◦, 45◦, 60◦, 90◦�O����;�
��|���M�*.

��2��¢�{|}~��6g5�-��,@B�05g�-5����� 3.�Q�� � 2

.·�� 1.� sin2 x+cos2 x = 1 —�� 3.�3�Q�05g5��Z��—�@���Q+
	-5��4
P����,K��Q�G���:�!>g-��<NB|�EU��¸���.


�{|�DQ�Y���7ª5b-. ���������¹$*+,G���P�
@ x�H
��L���1�������«�¬\�b-�B. G��{|}~���IN��«�"
�
B��. ���@�B�������1����25�25�Z�G
+OP*.

✓ ✏
¥¦§¨ �´��DQ���F�H��YZ.

sinx =
1

2
(0◦ <= x < 360◦)

✒ ✑

sin � y���IN��, ����� y =
1

2
�«�¬

­, 0◦ �� 360◦ i��1����«-. y =
1

2
B�

������, x = 30◦, 150◦ B®ª���G
+OP.

x = 30◦, 150◦ · · · · · ··O¸
O

y

x

1

2

2



✓ ✏
¥¦§¨ �´��DQ���F�H��YZ.

cosx = −
√
3

2
(−180◦ <= x < 180◦)

✒ ✑

cos � x���IN��, ����� x = −
√
3

2
�«

�¬­, −180◦ �� 180◦ i��1����«-. x =

−
√
3

2
(+

−1.73

2
= 0.865) B�������, 1���

�25 x = −150◦, 150◦ B®ª���G
+OP. 1

���K
�B x = 150◦, 210◦ B4
P���C0.

x = −150◦, 150◦ · · · · · ··O¸

O

y

x

−
√
3

2

�������|��®¯��,����D���-,¼3���B�Z��.

IEQ��25����B�¹$�,
�B�P���IN����-*Z��-,G�H��
<����5b-B���B*. ��N�*Z�X��\BF�µC+8�.

✓ ✏
¥¦§¨ �´�IEQ���F�H��YZ.

sinx <
1

2
(0◦ <= x < 360◦)

cosx >= −
√
3

2
(0◦ <= x < 360◦)

✒ ✑

sin � y���IN��, ����� y =
1

2
�«�¬

­,G
�hg@�N0�<��$�. 0◦ �� 360◦ i
��1����25®¯.

y =
1

2
B�������, x = 30◦, 150◦ B®ª���

0◦ <= x < 30◦, 150◦ < x < 360◦ · · · · · ··O¸

O

y

x

1

2

cos� x���IN��,����� x = −
√
3

2
�«�

¬­, 0◦�� 360◦ i��1����«-.

x = −
√
3

2
B�������, 1����2

5 x = 150◦, 210◦ B®ª���G�+6l.

0◦ <= x <= 150◦, 210◦ <= x < 360◦ · · · · · ··O¸

O

y

x

−
√
3

2

3



1.2 ax+ b7qnovwx

|+ ax+ b�°��25��{|}~ (sin, cos, tan)�.�5,Q�=¢BBh����©ª�
�3�. >��H��m� x�IEQ��P�
���,�
� ax+ b�H��IEQ��N. �
�i��c5�L§�6m���.

α <= x <= β
×a−→ aα <= ax <= aβ ·C! a > 0���¸
+b−→ aα+ b <= ax+ b <= aβ + b

�� ax+ b�H��1��Bg5����<h�«�¬¯.{|}~�������-��A�
B¹$���. ����B�������1����25®\��-	Z*+,©ª@O� ax+ b

�.�5�O���, x�O����Z��Z��.

✓ ✏
¥¦§¨ 0◦ <= x < 360◦�B�, 2 sin (2x− 60◦) = 1�YZ.

✒ ✑
0◦ <= x < 360◦�h 0◦ <= 2x < 720◦.

−60◦ <= 2x− 60◦ < 660◦

��H��1��Bg5«�¬¯.

sin (2x− 60◦) =
1

2
�h,{|}~��~� 1�g5�

���� y =
1

2
����«�¬¯. ���®¯�*+,

G
� x���- 2x− 60◦�����.

2x− 60◦ = 30◦, 150◦, 390◦, 510◦

2x = 90◦, 210◦, 450◦, 570◦

x = 45◦, 105◦, 225◦, 285◦ · · · · · ··O¸

O

y

x

1

2

✓ ✏
¥¦§¨ 0◦ <= x < 360◦�B�, 2 sin (2x− 60◦) < 1�YZ.

✒ ✑
ALB¹º� −60◦ <= 2x− 60◦ < 660◦.

sin (2x− 60◦) <
1

2

�h, −60◦ <= 2x− 60◦ < 30◦ , 150◦ < 2x− 60◦ < 390◦

, 510◦ < 2x− 60◦ < 660◦ �
�h,

0◦ <= 2x < 90◦, 210◦ < 2x < 450◦, 570◦ < 2x < 720◦

! 0◦ <= x < 45◦, 105◦ < x < 225◦, 285◦ < x < 360◦ · · · · · ··O¸

O

y

x

1

2

4




�L§� ax+ b�H��©ª�i��,�DQ!IEQB¹$���+,�����H��B
�P@�,� �{|}~�Bh����©ª�. �b p sin(ax+ b) + q�°�Bh����,

sin(ax+ b)�H�→ p sin(ax+ b)�H�→ p sin(ax+ b) + q�H�

�=�9P5�Z���.

✓ ✏
¥¦§¨ −30◦ <= x <= 60◦�B�, y = 2 cos (3x− 30◦)�]��,]>�b�$G�B
�� x���©ª�.

✒ ✑
−30◦ <= x <= 60◦�h −90◦ <= 3x <= 180◦.

−120◦ <= 3x− 30◦ <= 150◦

cos � x ���IN��, »�������-, ���
���>��. ���, UH�����|�+ 0◦ �B
��,UH>����|�+ 150◦ �B�B®­<
�
��,

cos 150◦ <= cos (3x− 30◦) <= cos 0◦

−
√
3

2
<= cos (3x− 30◦) <= 1

! −
√
3 <= 2 cos (3x− 30◦) <= 2

O

y

x

−1

2

−
√
3

2

]�

]>

]��� 3x− 30◦ = 0◦ �h x = 10◦ �B�
]>�� 3x− 30◦ = 150◦ �h x = 60◦ �B�

!]�� : 2 (x = 10◦) , ]>� : −
√
3 (x = 60◦) · · · · · ··O¸

x�IEQ� ax + b�H���g5��©ª,®­<2@ ax + b��� xi�LN��,�2
�h�25�E*+,��+��. OP�c5O
�-CN���
�3���+��. ����
�:��%
�-A�-�����B+�8�6�B 1J�����.

�~�B���✓ ✏
|��IN�����~�B���� 2<N+��. 3�\�R4
5����+�~��
30◦��BI5N�. 39��25?�+0��@ª,��:���~I���25��+,K

M�%�
�������5=�
5��. ¢27�~3��¢�3�����ª����
��
5b�@��+��. Ig�+�	�B�25�, 180◦� πBg5,G�WG��|�
�IN*Z*. ·¦!90◦ = π/2, 60◦ = π/3¸���������@E	�Y�������
��+·4
5giP�¸~G
�. ��R
�,N���+�P�·¦!
�� 1/4*��,

π/4*¸�*.

✒ ✑
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1.3 a sinx+ b cosx7

sinxB cosx� 1
Q�O·�����¸�9£��25 1.�{|}~�iBª�. 9£B
�,2��¢�m�B5���5iBª�:����.

iX, p2 + q2 = 1B��}�+£h¤. 2.�~ p, q�Bg5�,

p = cosα, q = sinα

Bb-�B+���. cosα, sinα ��2 ���i	��g, �%�
�.Z5���. .ih
(p, q) = (sinα, cosα)����g (p, q) = (− cosα, sinα)Bb�5��i	��.

UH� a sinx+ b cosx�b�5 a, b+ a2 + b2 = 1B��}��­@N�B�iX�hd��. G
��,�¢L¢

√
a2 + b2�--�B

a sinx+ b cosx =
√

a2 + b2
(

a√
a2 + b2

sinx+
b√

a2 + b2
cosx

)

B�°N�. ���
(

a√
a2 + b2

)2

+

(
b√

a2 + b2

)2

= 1 · · · · · · (∗)

B�25���B�3Gg��.
√
a2 + b2�IT��-b$P5b��.

(∗)�}�+£h¤.�B+	�
�,A=�mh p = cosα, q = sinαBb-�B+�����,

a√
a2 + b2

= cosα,
b√

a2 + b2
= sinα · · · · · · (∗∗)

Bb��P��B��h,

a sinx+ b cosx =
√

a2 + b2(sinx cosα+ cosx sinα)

=
√

a2 + b2 sin(x+ α) · · · · · · ♦

B�°g5�-. ���,

sin(α+ β) = sinα cosβ + cosα sinβ (2��¢)

���5���B�C0g��.

a, b��P�
�~*��, (∗∗)� sinB cos��+	�25
���B�0LN�. G��, α���IX	�������.

»������:�N
�, α+�\�|����	��.�
 7\ α�6BE�©ª��B+2����IX©ª5b-
�B.

O

y

x
α

a√
a2+b2

b√
a2+b2

9£N����UmhB�_���. 62«�� ♦��°g�«�5����B�	�+,�´
����º!��°+2����.

• a√
a2 + b2

= sinα,
b√

a2 + b2
= cosαBbZ�,

a sinx+ b cosx =
√

a2 + b2(sinx sinα+ cosx cosα)

=
√

a2 + b2 cos(x− α)

(cos(α− β) = cosα cosβ + sinα sin β ����.)

6



• a√
a2 + b2

= cosα,
b√

a2 + b2
= − sinαBbZ�,

a sinx+ b cosx =
√

a2 + b2(sinx cosα− cosx sinα)

=
√

a2 + b2 sin(x− α)

(sin(α− β) = sinα cosβ − cosα sinβ ����.)

��. ¹$ α�;��25�5�,G
$
��°�bZ� α���0�25���B�C0g�
�.

]=E�Y���,�ax+ b7�{|}~��Y�����.

✓ ✏
¥¦§¨ 
��DQ�YZ. @*g 0◦ <= x <= 180◦BN�.

sinx− cosx = 1
✒ ✑

sinx− cosx =
√
2

{
1√
2
sinx+

(

− 1√
2

)

cosx

}

cosα =
1√
2
, sinα = − 1√

2
�h, α = −45◦

·C!� 7\ α = 315◦Bg5��i	��. ¸

O

y

x

1√
2

−1√
2

−45◦

! sinx− cosx =
√
2 {sinx cos (−45◦) + cosx sin (−45◦)}

=
√
2 sin {x+ (−45◦)}

=
√
2 sin (x− 45◦)

�25, sin (x− 45◦) =
1√
2

0◦ <= x <= 180◦�h −45◦ <= x− 45◦ <= 135◦.

x− 45◦ = 45◦, 135◦

! x = 90◦, 180◦ · · · · · ··O¸

O

y

x

1√
2

α�6BE�©ª��B+I2���25�,����«�5�\�|������3E�B�
P5b�@�. ��9P�B��

a√
a2 + b2

= cosα,
b√

a2 + b2
= sinα

B cosα, sinα���M�g59P5�-.

]��B]>�������9P
�4�*. ¦P�9£��2 sin�iBª�
5�����

�, sin� y ������B��,��������-,´�����>��B���B���.

7



¹º�9£��2 cos�iBª�
5�����
�, cos� x������B��,»����
���-,������>��B���B���.�X
�g5�G�������,��2�h
«�¬\�b��.

4
25�� x�H��NC�Q�B"g5,�����+]��,>����+]>����B,

�X�g�=¢�g���B. G������B�������R
�N�	���X*. {|}
~��2�J;�F�,*Z��9P�
����, �$ª��G
�R1g5�������
���g5�@����.

✓ ✏
¥¦§¨ }~ f(x) = 3 cosx− 2 sinx�.�5,
�L��OP�.

1. 0◦ <= x < 360◦�B�, f(x)�]��,]>��©ª�.

2. 0◦ <= x <= 180◦�B�, f(x)�]��,]>��©ª�.

3. 0◦ <= x <= 90◦�B�, f(x)�]��,]>��©ª�.

✒ ✑

|��H��]8��1���i�}���	Z*�
�,@�9£�g5gib�.

3 cosx− 2 sinx =
√
13

(
3√
13

cosx− 2√
13

sinx

)

cosα =
3√
13

, sinα =
2√
13
�h, α ����I�
�

|�,�
�h,

3 cosx− 2 sinx =
√
13 cos(x+ α)

B�°���.

O

y

x3√
13

2√
13

α

1. 0◦ <= x < 360◦�h,

α <= x+ α < 360◦ + α

���h]������|�+ 0◦ �B��, ]>��
���|�+ 180◦�B�*��·|��]����E
¶���IE¶*+, cos�]��!]>�B�}��
���¸

cos(180◦) <= cos(x+ α) <= cos(0◦)

−1 <= cos(x+ α) <= 1

−
√
13 <=

√
13 cos(x+ α) <=

√
13

! ]��
√
13, ]>� −

√
13 · · · · · ··O¸

O

y

x3√
13

2√
13

α

]�]>

8



2. 0◦ <= x <= 180◦�h,

α <= x+ α <= 180◦ + α

���h]������|�+ α�B��,]>���
��|�+ 180◦�B�*��

cos 180◦ <= cos(x+ α) <= cosα

cos(α)���9£�B��=5����

−1 <= cos(x+ α) <=
3√
13

−
√
13 <=

√
13 cos(x+ α) <= 3

! ]�� 3, ]>� −
√
13 · · · · · ··O¸

O

y

x3√
13

2√
13

α

]�

]>

3. 0◦ <= x <= 90◦�h,

α <= x+ α <= 90◦ + α

���h]������|�+ α�B��,]>���
��|�+ 90◦ + α�B�*��

cos(90◦ + α) <= cos(x+ α) <= cosα

cos(90◦ + α)���2��¢���5

cos(90◦+α) = cos 90◦ ·cosα−sin 90◦ ·sinα = − sinα

− sinα <= cos(x+ α) <= cosα

− 2√
13

<= cos(x+ α) <=
3√
13

−2 <=
√
13 cos(x+ α) <= 3

! ]�� 3, ]>� − 2 · · · · · ··O¸

O

y

x3√
13

2√
13

α

]�

]>

���M5��,5��1�����7�B�25��i-�����g$�.

���hA�,>g��<�H�@��N��L25I�N��B.�C��6F�<�K�N�
BB,�H�I��­. ��+����B��@�¢Y��5�7g5ST�YZ������h
i�\.

� 7\,��D���B�����V����3������93��i�\.

9



1.4 <NuoqE0
UHE�{|}~Q�=¢Bg5,]���+9����<N (sin, cos, tan)B| (x� 2x)BE

UN��B��9P����. 3�����g5b�5�g�.

<N��P�8QBg5�,
����b�P5b-B��.

sin2 x+ cos2 x = 1 · · · · · · (1)

(1)�N±� cos2 x�3�B,

tan2 x+ 1 =
1

cos2 x
· · · · · · (2)

(1)�N±� sin2 x�3�B,

1 +
1

tan2 x
=

1

sin2 x
· · · · · · (3)

�� (1), (2), (3)�Q��X
��EQ���, x�¹$��B"N�T���.�����B+
���. sin2 2x+ cos2 2x = 1Bg5��B���B���.

� 7\, (1)+%%��, (2)B (3)� tanx�Bg5���. g�g, tanx+=5�@B���¯
g7
�8Q���5 sinx, cosx��g59P��+�B���.

tanx =
sinx

cosx

���C0g�Z
�������, (1)���5 sinx� cosx�<N��P���, sin2n x, cos2n x

����6~
� sin, cos�Bg5g��P��B���B���. .ih sin2n x = (sin2 x)n =

(1− cos2 x)n, cos2n x = (cos2 x)n = (1− sin2 x)n B���B*.✓ ✏
6~
� sin, cos��.��<N+�P�
�.

✒ ✑
IAE�4~
� sin, cos �<N��P��B+������, <N�EUN��9, 4~
�
sin, cos�EUN�g���.

|�EUN�8QBg5�,G|�8Q, 3G|�8Q����. G|8Q�,

sin 2x = 2 sinx cosx · · · · · · (4)
cos 2x = 2 cos2 x− 1 · · · · · · (5)
cos 2x = 1− 2 sin2 x · · · · · · (6)

� 3mh��. G
$
2��¢�8Q� α = β = θBg@��*.

sin 2θ = sin(θ + θ) = sin θ cos θ + cos θ sin θ

= 2 sin θ cos θ

cos 2θ��°� 3mh�h,IM�1$5��TZ�.

cos 2θ = cos(θ + θ) = cos2 θ − sin2 θ

= cos2 θ − (1− cos2 θ)

(sin2 θ + cos2 θ = 1����)

= 2 cos2 θ − 1

10



cos 2θ = cos(θ + θ) = cos2 θ − sin2 θ

= (1− sin2 θ)− sin2 θ

(sin2 θ + cos2 θ = 1����)

= 1− 2 sin2 θ

 �­� tan�G|�8Q�������+,�ih��52���*7�.

tan 2θ =
sin 2θ

cos 2θ
=

2 sin θ cos θ

cos2 θ − sin2 θ

(T� ·TJ� cos2 θ�	�. �T~��´� 1�N��B3P�)

=
2 tan θ

1− tan2 θ

G|8Q���B��%%��� 2.��. sin 2x� sinx�.�5� cosx�.�5� 1
Q*
��,|� x�EUN��B���5�,<N�EUN��B�����. �25,✓ ✏
sin 2x�<N�EUN��B�����.

✒ ✑
cos 2x� (5),(6)B�� 2.��°��+����,✓ ✏
cos�G|8Q�, sinx�EUN��, cosx�EUN��9P5�����.

✒ ✑
U��, 3G|8Q�L	��	����,¼3�05g5���B�Fg�. �.��:
���
�g5b�@�.

sin 3x = sin(2x+ x)

= sin 2x cosx+ cos 2x sinx

= 2 sinx cos2 x+ (1− 2 sin2 x) sinx

= 2 sinx(1− sin2 x) + (1− 2 sin2 x) sinx

= 3 sinx− 4 sin3 x

cos 3x = cos(2x+ x)

= cos 2x cosx− sin 2x sinx

= (2 cos2 x− 1) cosx− 2 sin2 x cosx

= (2 cos2 x− 1) cosx− 2(1− cos2 x) cosx

= 4 cos3 x− 3 cosx

@*g,8Q�¼3�05g5��-5�

sin 3x → sinx� 3
Q
cos 3x → cosx� 3
Q

B���B�,@�®¯@ª��b$P5b�@�.
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✓ ✏
¥¦§¨ 
��DQ�YZ. @*g 0◦ <= x < 180◦BN�.

2 cos 2x+ 8 sinx− 5 = 0
✒ ✑

cos 2x� sin�� cos���
�+, sinx��2�g�
�+�����
��	��g���.

2 cos 2x+ 8 sinx− 5 = 0

cos 2x = 1− 2 sin2 x�h

2(1− 2 sin2 x) + 8 sinx− 5 = 0

4 sin2 x− 8 sinx+ 3 = 0

���0~TY�j$��-5������*+,G�
¢M��a sin2 x+ b sinx cosx+ c cos2 x��@L.

(2 sinx− 3)(2 sinx− 1) = 0

sinx =
3

2
,
1

2
*+ −1 <= sinx <= 1�h

sinx =
1

2

0◦ <= x < 180◦�h,����«�5

x = 30◦, 150◦ · · · · · ··O¸

O

y

x

1

2

|�EU�N��9,�.�� x�EUN
���B��������. 
�L§�, sinx��
cosx��EUN��B+���. g�g,YZ�-���+, sinx (i@� cosx)� 4
Q��2
5gi�. �����9,


~+9-���9, cos 2x�EU����B���

�B�C0g5b��. ��Q�G|8Q���+,G|8Q�� �x� 2x�EUN��B�
�lE��� cos�G|8Qg�����. N�	 ,

cos 2x = 2 cos2 x− 1 �h cos2 x =
1

2
(1 + cos 2x)

cos 2x = 1− 2 sin2 x �h sin2 x =
1

2
(1− cos 2x)

B�°g5 cos2 x, sin2 x → cos 2xB cos 2x�EUg5�-. 2
+ 1
�B�
~+´+���
B�h,Q=¢�*��%'���.

{|IEQ�Y���7�7�<+��+,�$ª�� � −1 <= sinx <= 1,−1 <= cosx <= 1�
0<g�-5�,
���� sinx, cosx�.�5IEQ�Y�5������9P5�2@�+
������7�.
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✓ ✏
¥¦§¨ 
�IEQ�YZ. @*g 0◦ <= x < 360◦BN�.

sin2 2x+ 6 sin2 x− 4 > 0
✒ ✑

cos 2x = 1− 2 sin2 x�h,

sin2 x =
1

2
(1− cos 2x) · · · · · · (1)

sin2 2x+ cos2 2x = 1�h,

sin2 2x = 1− cos2 2x · · · · · · (2)

(1),(2)�h�P�
@IEQ�,

1− cos2 2x+ 6 · 1
2
(1− cos 2x)− 4 > 0

cos2 2x+ 3 cos 2x < 0

cos 2x(cos 2x+ 3) < 0

O

y

x


�9�N���;����V�, 2
IEQ�L§+�
hiN. Y = X(X+3)�%%��«�5·X = cos 2x

BC�4P5�iN ,̧G�%%�� Y < 0B�25�
�B�7�®ª� −3 < X < 0Bk�=���X. �
���%%��=Z�<hiN.

! − 3 < cos 2x < 0

0◦ <= x < 360◦�h 0◦ <= 2x < 720◦.

90◦ < 2x < 270◦, 450 < 2x < 630

! 45◦ < x < 135◦, 225◦ < x < 315◦ · · · · · ··O¸

O

y

x−3

13



1.5 0?J2

R5%�B	��{|}~Q����9,iX9P5Mg���

�|B<N�EU�

���+,�
+ $2BI2��{|}~Q���.@BP�,N�´���L§� sin 2x� 1


�9�4\�bh sin 2x = 2 sinx cosx�h sinx�� cosx��EU����.

�<NB|�EU�+Fg�Q�0~TY�$��. 0~TY��h�� 2./25b-B��.

1.�6m0~�--h=NB��]��KE�0~TY���. ���9,G|� 3G|�8Q
�h sinx� cosx�Ig5b�,6m0~�--h=N.

✓ ✏
¥¦§¨ 
��DQ�YZ. @*g 0◦ <= x < 180◦BN�.

sin2 2x+
√
3 sin3 x = 0

✒ ✑
�
��Q���,SN�:
iN�$.

sin 2x = 2 sinx cosx

cos 3x = 4 cos3 x− 3 cosx

�h,

sin 2x+
√
2 cos 3x

= 2 sinx cosx+
√
2(4 cos3 x− 3 cosx)

= cosx(2 sinx+ 4
√
2 cos2 x− 3

√
2)

= cosx{2 sinx+ 4
√
2(1− sin2 x)− 3

√
2} = 0

! cosx(4
√
2 sin2 x− 2 sinx−

√
2) = 0

cosx(2
√
2 sinx+ 1)(2 sinx−

√
2) = 0

��0~TY�@�
√
2�--25b�@��+�h�N

��g$�. sinx = tBb�5��Y�8Q��=5��
iN+ · · · .

cosx = 0i@� sinx =

√
2

2
, − 1

2
√
2

O

y

x
−1

2
√
2

√
2

2

0 <= x <= 180◦�h

x = 45◦, 90◦, 135◦ · · · · · ··O¸


�L§��� sin 7x�������|��9,2�,G|, 3G|��\�\�25 sinx� cosx

�IN�B+I2��������+,�4����g
~�9-�h8L���B��P��.

�� 1.�0~TY�,O@�8Q�M����. O@�8Q�,G�L�Bbh,O�°��2
5�����@�°��N8Q��h,0~TYB¹$�����+��.
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N) x2 − 3x+ 2
︸ ︷︷ ︸

O

= (x− 1)(x− 2)
︸ ︷︷ ︸

@

��¦�Bbh,O@B0~TY�AmN���+��.

�5,O@8Q�L	��	������b$P5���B�Fg�.IM�B���.��:

����g5b-�+��. 8Q�:�B�,.��� (B���,E,72Bg5)@�O��
N�@O8Q��U=�:
���, 2.�8Q�:h��%)��g5b�P5b-.

2��¢�±!2P� → @O8Q $���−→ O@8Q

B���
��-b$P5b��. 2��¢� 4<N��+,±!2P�B�25�, ±�0��
¹$<N�2��¢�±!2P� (i@��-)����. 0��<N�2��¢��$25�0
L+��.

! 4D��J��

sin(α+ β) = sinα cosβ + cosα sinβ · · · · · · (1)
sin(α− β) = sinα cosβ − cosα sinβ · · · · · · (2)

(1) + (2) �h sin(α+ β) + sin(α− β) = 2 sinα cosβ · · · · · · (A)

(1)− (2) �h sin(α+ β)− sin(α− β) = 2 cosα sinβ · · · · · · (B)

cos(α+ β) = cosα cosβ − sinα sinβ · · · · · · (3)
cos(α− β) = cosα cosβ + sinα sinβ · · · · · · (4)

(3) + (4) �h cos(α+ β) + cos(α− β) = 2 cosα cosβ · · · · · · (C)

(4)− (3) �h − cos(α+ β) + cos(α− β) = 2 sinα sinβ · · · · · · (D)

(A)∼(D)�G
$
�±B»±�"
4P5N±� 2�3
�@O8Q+d�
�.

(0N) (A)�h sinα cosβ =
1

2
{sin(α+ β) + sin(α− β)}

B�5, α+ β = A, α− β = B Bb-B,

α + β = A

+) α − β = B

2α = A+B

! α =
A+B

2

α + β = A

−) α − β = B

2β = A−B

! β =
A−B

2

B����, (A)∼(D)�G
$
,

sinA+ sinB = 2 sin
A+B

2
cos

A−B

2

sinA− sinB = 2 cos
A+B

2
sin

A−B

2

cosA+ cosB = 2 cos
A+B

2
cos

A−B

2

− cosA+ cosB = 2 sin
A+B

2
sin

A−B

2
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B�25,O@8Q+�£N�.

#8���i�� 4mh��°g5������������, ��@�8Q���D�MA
g5:25�-�B���. @BP�,´�¦§��9,

sin 7x+ sinx → sin�O*��, sin(α+ β)B sin(α− β)�±!2P�

B��4$�8Q�:25�-. ¹$<N�2��¢�±!2P@h, ��@hN���=M�
+2@8Q�R5�	��BD�+,

¹<� 1
Q (Oi@��) → O@8Q

B���B���. @BP�, sin 3x+ cos 7x����0<� 1
Q�Bg5�O@8Q��P�
�.

✓ ✏
¥¦§¨ 
�IEQ�YZ. @*g 0◦ <= x < 90◦BN�.

sin 7x+ sinx < 0
✒ ✑
sinA+ sinB = 2 sin

A+B

2
cos

A−B

2
�h, sin 7x+ sinx = 2 sin 4x cos 3x < 0.

0◦ <= 4x < 360◦, 0◦ <= 3x < 270◦�C0g5,

1. sin 4x > 0, cos 3x < 0�B�

• 0◦ < 4x < 180◦�h 0◦ < x < 45◦.

• 90◦ < 3x < 270◦�h 30◦ < x < 90◦.

! 30◦ < x < 45◦

2. sin 4x < 0, cos 3x > 0�B�

• 180◦ < 4x < 360◦�h 45◦ < x < 90◦.

• 0◦ < 3x < 90◦�h 0◦ < x < 30◦.

!Y�g

���h,

30◦ < x < 45◦ · · · · · ··O¸

16



1.6 a sin
2
x+ b sinx cosx+ c cos2 x7

��±�G7G7{|}~Q�=¢����iBª5�-�B�g��. {|}~Q�=¢�,

8Q+@-�\����,�7�7��%%·�=¢�¸+����*+,
�=$� 5.��J
���.

!��� 1� a sinx+ b cosx7

!��� 2� a sin2 x+ b sinx cosx+ c cos2 x7

!��� 3� sinxB cosx�B>Q
!��� 4� <NB|�EU
!��� 5� 0~TY

���,·�%% 1¸�·�%% 3¸�Q�°��� �HCN��B+���.

�R@l�
%	��{|}~Q�

Bg53P5b�5Mg�. ¦���5b-B,

!��� 1� sinxB cosx� 1
Q�c5���%%���.

sinx+ 2 cosx, 2 cosx− 3 sinx, · · · · · ·

��+���%%�¦���. �b,

cosx+ cos 3x, sin 2x− sin 3x, · · · · · ·

����¹$<N� 1
Q����%%���-, (�%% 4¸� (�%% 5)�=¢����
B�����C0g5b�5�g�.

!��� 2� sin2 x, sinx cosx, cos2 xb�$�~9�9£�
�Q+���%%�E5�i�.

¦�,

2 sin2 x+ 3 sinx cosx− cos2 x, sin2 x− 2 sinx cosx, · · · · · ·

�����. F�, 1.9+>��

•

a sin2 x+ b sinx cosx

•

b sinx cosx+ c cos2 x

�0~TY·6m0~�--�¸�2��DP�+,���%%BHCg5=¢g��BY
Z���B+	���C0g5b�5�g�. �b,���%%�Q��sinxB cosx�¹

 2
Q�B���.
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!��� 3� ��Q�,� sinB cos�"
BP5�,Q+8�L����B>QB��,FJ�
@<+��.

3 sin2 x+ sinx cosx+ 3 cos2 x, (sinx− 2)(cosx− 2), · · · · · ·

��+���%%�¦���+,
�¦���� sin 2x�I�
@B��RMB�����
�g@�.

2 sinx+ 2 cosx− 3 sin 2x

sin 2x = 2 sinx cosx�h sin 2x�B>Q�����. B>Q��B=���{|}~�B
>Q��0�.

��{|}~Q+�P�
@B�, �R@l�
%	��{|}~Q������iX9P5�
g�. �� 3.����%%��E5�i����9�,�<NB|�EU+�����·�%%
4 �̧B9P,G
+%%���0~TYN�·�%% 5 �̧�B�9P5�Z�,iX4
���*
7�.

R@l�
%	�� %%−→ <NB|�EU %%−→ 0~TY

B��==�9P5�-B���B���. �5,����,✓ ✏

a sin2 x+ b sinx cosx+ c cos2 x ·¹
 2
Q¸
✒ ✑
�=¢���3�. =¢���� $2B�E���+,���B<B��$ª�IX���.

!�� 1� iX,G|8Q���5 sin 2xB cos 2x� 1
Q���

p sin 2x+ q cos 2x+ r

�°��°N�.







sin 2x = 2 sinx cosx

cos 2x = 2 cos 2x− 1

cos 2x = 1− 2 sin 2x

→







sinx cosx = 1

2
sin 2x

cos 2x = 1

2
(1 + cos 2x)

sin 2x = 1

2
(1− cos 2x)

��25 x�Q� 2x�Q�EUg5�-MN���.G|8Q�m��2x� x�IN�@
ª�����B+	�+,�<NB|�EU��B�7��=$@����x� 2x�IN�
@ª�����B���.

!�� 2� Q+ p sin 2x+ q cos 2x+ r�°��°�

�,��Q��sin 2xB cos 2x� 1
Q�
*��9£N��B��25 1.�iBª��B+���. N�	 ,

p sin 2x+ q cos 2x =
√

p2 + q2 sin(2x+ α)

����iBª
���.
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✓ ✏
¥¦§¨ 
��DQ�YZ. @*g 0◦ <= x <= 180◦BN�.

3 sin2 x− 2 sinx cosx+ cos2 x = 3
✒ ✑

sinx cosx =
1

2
sin 2x

cos2 x =
1

2
(1 + cos 2x)

sin2 x =
1

2
(1− cos 2x)

�h,

3 · 1
2
(1− cos 2x)− 2 · 1

2
sin 2x+

1

2
(1 + cos 2x) = 3

− sin 2x− cos 2x = 1 ! sin 2x+ cos 2x = −1

sin 2x+ cos 2x =
√
2

(
1√
2
sin 2x+

1√
2
cos 2x

)

(

cosα =
1√
2
, sinα =

1√
2
B9P�B

)

=
√
2 (sin 2x cos 45◦ + cos 2x sin 45◦)

=
√
2 sin (2x+ 45◦)

(

=
√
2 cos (2x− 45◦) �� OK

)

!
√
2 sin (2x+ 45◦) = −1

sin (2x+ 45◦) = − 1√
2

0◦ <= x <= 180◦�h 45◦ <= 2x+ 45◦ <= 405◦.

2x+ 45◦ = 225◦, 315◦

! x = 90◦, 135◦ · · · · · ··O¸

O

y

x

−1√
2
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✓ ✏
¥¦§¨ 
�IEQ�YZ. @*g 0◦ <= x <= 180◦BN�.

3 sin2 x− 2 sinx cosx+ cos2 x >= 3
✒ ✑

− cos 2x− sin 2x >= 1

sin 2x+ cos 2x <= −1

sin (2x+ 45◦) <= − 1√
2

225◦ <= 2x+ 45◦ <= 315◦

180◦ <= 2x <= 270◦

! 90◦ <= x <= 135◦ · · · · · ··O¸

O

y

x

−1√
2

✓ ✏
¥¦§¨ 0◦ <= x <= 90◦�B�, f(x) = sin2 x+3 sinx cosx+4 cos2 x�]��B]>
��©ª�.

✒ ✑
f(x) =

1

2
(1− cos 2x) + 3 · 1

2
sin 2x+ 4 · 1

2
(1 + cos 2x)

=
3

2
sin 2x+

3

2
cos 2x+

5

2

sin 2x+ cos 2x =
√
2 sin (2x+ 45◦)�h,

=
3

2
·
√
2 sin (2x+ 45◦) +

5

2

0◦ <= x <= 90◦�h 45◦ <= 2x+ 45◦ <= 225◦.

sin 225◦ <= sin (2x+ 45◦) <= sin 90◦

− 1√
2
<= sin (2x+ 45◦) <= 1

−3

2
<=

3
√
2

2
sin (2x+ 45◦) <=

3
√
2

2

1 <=
3
√
2

2
sin (2x+ 45◦) +

5

2
<=

3
√
2 + 5

2

]� :
3
√
2 + 5

2
, ]> : 1 · · · · · ··O¸

O

y

x

]�

]>
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1.7 no4?qB>x

iX,B>QB��3G+�:g, αB β��4g5��	���Q�c5 α+ β B αβ �«�
IN�B+���. �� α+ β B αβ ��KB>QB��. «�INB����IXg�0~TY
�IN�����. ·¦!α2 + β2 − αβ = (α+ β)2 − 3αβ ¸B>Q�L2�B�7�,�B>Q
�B>QFM�9N����BYZ���B���B���. B>Q�UR,Im�Q�����
�g5��+,�.��Q�°�g5�¹F=h����8@+���*. �­�UH�Q��
α+ β = sB αβ = t��BC�4P��B+�@B��. ����G
�{|}~����.

�R@l�
%	��{|}~Q�� 1.����sinxB cosx�B>Q�����9���,

¹
 2
Q¹º,FF�=¢�N����-3P5b�5�g�.

c5� sinxB cosx�B>Q�, 2.��KB>Q

sinx+ cosx, sinx cosx

�IN�B+���. �
��25,iXB>Q� sinx+ cosx, sinx cosx*Z�Ig5b-.

�
�2P5�sinxB cosx�B>Q���9,✓ ✏
sinx cosx� sinx+ cosx�IN�B+���

✒ ✑
����. sinx, cosx�]�ML�8Q���

sin2 x+ cos2 x = 1

���¤��B>Q�,g��IX£h¤.. G��,

sin2 x+ cos2 x = (sinx+ cosx)2 − 2 sinx cosx

= 1

B�°N
�,

sinx cosx =
1

2

{
(sinx+ cosx)2 − 1

}

B��}�+��£h¤.�B���. �
��25,✓ ✏
t = sinx+ cosxBb-B, sinxB cosx�B>Q�, t�Q�IN�B+���

✒ ✑
�B��h,�
+�sinxB cosx�B>Q�=¢�������.

���, αB β��4N�B8�Q��%�
�.Z@�����Q��B��BQB��,6

BE��

sinx− cosx, sin2 x− cos2 x, sin3 x− cos3 x

�����%�%����B+���·�� 2Hl�<NB|�EU����� .̧ �
��Q�,

(sinx− cosx)2 = sin2 x− 2 sinx cosx+ cos2 x

= 1− 2 sinx cosx

�h,

sinx cosx =
1

2

{
1− (sinx− cosx)2

}

21



B�°N
�,��� t = sinx− cosx�IN�B+���.

���B�4ª5,6BE��´����Q�=¢+��
�=T��7�.

• sin3 x+ cos3 x = (sinx+ cosx)(sin2 x− sinx cosx+ cos2 x)

= (sinx+ cosx)(1− sinx cosx)

���, sinx cosx =
1

2

{
(sinx+ cosx)2 − 1

}
�E5�ª�.

• sin3 x− cos3 x = (sinx− cosx)(sin2 x+ sinx cosx+ cos2 x)

= (sinx− cosx)(1 + sinx cosx)

���, sinx cosx =
1

2

{
1− (sinx− cosx)2

}
�E5�ª�.

sinxB cosx�B>Q� t = sinx + cosxBbZ� t�Q�IN�B+���+,C�4P@B
��,

t = sinx+ cosxBb- → t�Bh����D$�

B��:��K
5�����. �
�J;>5���B*. x� t�C�4P��Bg5���
*��, x�;25�@c5���� t���7�IM+��.

iX, sinx+ cosx� sinxB cosx� 1
Q*��9£g5,

t = sinx+ cosx

=
√
2 sin (x+ 45◦)

B�°g5, t�Bh����D$
�,¦§��9, t�C�4P��B��25]=E�

�−
√
2 <= t <=

√
2�bZ� f(t) = −1

2
t3 + 2t2 +

3

2
t− 2�]��!]>��

�©ª��B��h, 3
}~�%%��«-L§��C�
�.

�b, 3
}~�%%��«-���@}~�HT@T·~ II �̧�/<+IM��h,��TL�
6<�<�@�3�g5�����L25­�B��*7�.
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✓ ✏
¥¦§¨ y = sin3 x+ cos3 x+ 4 sinx cosx�.�5,
�L��OP�.

1. sinx+ cosx = tBb�, y� t�}~�I�.

2. y�]��b�$]>��©ª�.
✒ ✑

1. (sinx+ cosx)2 = sin2 x+ 2 sinx cosx+ cos2 x = 1 + 2 sinx cosx

��� t = sinx+ cosxBb-B,

sinx cosx =
1

2

{
(sinx+ cosx)2 − 1

}

=
1

2
(t2 − 1)

y = (sinx+ cosx)(sin2 x− sinx cosx+ cos2 x) + 4 sinx cosx

= (sinx+ cosx)(1− sinx cosx) + 4 sinx cosx

= t

{

1− 1

2
(t2 − 1)

}

+ 4 · 1
2
(t2 − 1)

= −1

2
t3 + 2t2 +

3

2
t− 2 · · · · · ··O¸

2. t = sinx+ cosx =
√
2
(

1√
2
sinx+ 1√

2
cosx

)

=
√
2 sin (x+ 45◦)�h

x��~*��, −1 <= sin (x+ 45◦) <= 1.

! −
√
2 <= t <=

√
2 ·���E�>N¸

��H��,

f(t) = −1

2
t3 + 2t2 +

3

2
t− 2

f ′(t) = −3

2
t2 + 4t+

3

2

= −1

2
(3t+ 1)(t− 3)

O

−61

27

−
√
2

√
2

4−
√
2

2

4+
√
2

2

f(t)

t

−1

3

A8�´I�mh���.

t −
√
2 · · · −1

3
· · ·

√
2

f ′(t) − 0 +

f(t)
4−

√
2

2
ց −61

27
ր 4 +
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1.8 N=LB

��:��,�E�g@%'()'���
�YZ�L§�%�%%�J$5­ig@. �

-��¼Y����g$��8�����g5­5-*��.

· ¸F�H���´��DQ!IEQ�YZ. ���� y�]��!]>��©ª� .

1. sin 2x− sinx− 2 cosx+ 1 >= 0 (0◦ <= x < 360◦)

2. sin2 x+ 3 sinx cosx+ 4 cos2 x =
5

2
(0◦ <= x <= 180◦)

3. cos 2x+ 3
√
3 sinx < 4 (0◦ <= x <= 360◦)

4. sin2 x+ 2 sinx cosx− cos2 x > 0 (0◦ <= x <= 360◦)

5.
√
3 sinx+ cosx = 1 (0◦ <= x < 360◦)

6. y = (sinx− 1)(cosx− 1) (0◦ <= x < 360◦)

7. 8 sin4 x+ 2 cos2 x >= 3 (0◦ <= x <= 360◦)

8. y =
3

2
sin 2x− 4 sinx− 4 cosx (0◦ <= x <= 90◦)

9. sin 2x−
√
2 sin 3x = 0 (0◦ <= x < 90◦)

10. cos 3x+ cos 2x = 0 (0◦ <= x < 360◦)

11. y = sin (30◦ − 2x) + cos 2x (0◦ <= x <= 45◦)

12. sinx+
√
3 cosx = 2 (0◦ <= x < 360◦)

¼YB����
������hiN.
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A����L§�¼Y�N. · ¸����%'()'��g5�iN.

1. 60◦ <= x <= 300◦ ·0~TY¸

2. x = 67.5◦, 157.5◦ · a sin2+b sinx cosx+ c cos27¸

3. 0◦ <= x < 60◦, 120◦ < x <= 360◦ ·<NB|�EU¸

4. 22.5◦ < x < 112.5◦, 202.5◦ < x < 292.5◦ · a sin2+b sinx cosx+ c cos2 7¸

5. x = 0◦, 120◦ · a sinx+ b cosx7¸

6. ]�� 3 + 2
√
2

2
,]>� 0·{|}~�B>Q¸

7. 45◦ <= x <= 135◦, 225◦ <= x <= 315◦ ·<NB|�EU¸

8. ]�� −4,]>� −25

6
·{|}~�B>Q¸

9. x = 0◦, 45◦ ·0~TY¸

10. x = 36◦, 108◦, 180◦, 252◦, 324◦ ·0~TY!O@8Q–G|B 3G|�E3N�BOP+c
5=5���¸

11. ]�� 3

2
,]>� −

√
3

2
· a sinx+ b cosx7¸

12. x = 30◦ · a sinx+ b cosx7¸
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